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Boundary value problem of solid body mechanics

boundary I, (u = u,) surface load FE model
lPJ = [px, Py sz NOE - no. of FEs
1x3 NON - no. of nodes
NOE
= .Qe and.()in.()j=0
i %)

e=1

boundary I,
boundary I’

domain (2

mass forces
1XI1=1X,Y,Z]=p|ay, ay, a,|

3x1 W(X,y,Z)

1x3
\ accelerations
UNKNOWN FUNCTION u(x, vV, Z) :
Displacement vector {u} =< v(x,y,2) ; |

Finite element with n - nodes

_________________________________________




Nodal approximation inside the finite element with n - nodes

3x1 3Xn, nex1

[N(¢,1n,0)] — matrix of shape funtions
X Ng ne _ n . np
n, — no. of degrees of freedom in FE

n, — no. of degrees of freedom per node

(U1
U1
|41
{g}o=< i } — local vector
R me X 1 Un of nodal
element coordinate system 1% parameters
\W,, J

\y nodal displacement of node 1 along x axis

global coordinate system




Matrix of shape functions

Shape function matrix:
N, 0 0 N, 0

INE,n,D]I=]10 N O 0 N,
0O 0 N, 0 O

Vector of
element nodal ful\
parameters: | V1
Wi
{q}e=1
ne X1 u‘n
Un
\W,, J

~=
<
—~
Il
|
=
~
ML
=
~N
—/
| S
~=
)
[
o

3x1

u=N;y-uy+Ny, - u, + ...+ N, -u,
v=N;-vy+N, v, + ..+ N, v,
w=N; -wy+Ny - wy, + ...+ N, -w,




Examples of finite elements

Type n, — number of degrees of freedom in FE

rods

2D

v




Example 1: shape functions for a finite element representing a strut

U
U, —=-
u1- """"
U
>
0 l 3
Uq
£ linear function:
ul u», —u
{q}e:{u} u(®) ==&+ uy
2% 1 27 ¢

u@) =B b = - u = (1w 4w

= N1 (&) - u; + Np(&) - up=|Ny, N, | {Z } IN($)Hale

1x2 2x1

shape functions: |[N{(§)=1— i ; NZ(QC):%




Strain components

v -
normal strains: I
ou v
_ (A'B"),,—AB _ (dx+u+a dx—u)—dx _|ou v @,dy
x 4B _a dx BEE '
(% w
& oy | &7 ‘
y dy
Y
shear strains: Alg ax_ |
T
Vey=75 — B=V1t 72
(AIDI) u+6_u dy—u ou ou o
— X _ oy _ Oy _ dy _ou

Y, = tanyy= = = = =
1 1 (A'D")y dy+v+g—;dy—v 1"'3_; 1+ey Oy

i PN T
Y2 — Ox Vay= oy 0x

small deformations : &, K1

Jov Jow . _6_w+6_u _ B
v Yex =5, 75, 0 YiiTVii




Strain tensor. Vector of strain components

strain tensor:

[ & Yay/2 Vxz/2]
€= Vyx/z Ey Vyz/2
3x3

VYzx/2  Vzyl2 &

vector of strain components:
-0

o 0O O
0
( Ex ) 0 5 0
&
0
Y 0 0 =
{g} _ gZ > _ 0z
6x1 ny i i 0
Yyz dy O0x
V) |0 2 2
dz Ody
0 0
2 0 o

|

u
v

w

el = [ul[R]"

1x6 1x3 3x6

= [Rl{u}

6x3 3x1

} T

gradient matrix

]




Strain — displacement matrix of a finite element

nodal approximation in a finite element:

u} =[N n OHale

3x1 3Xn, nex1

vector of strain components in a finite element:

e} = [R]{u} = [R][N]{g}e= [Bl{q}e le] = lql.[B]”

6x1  6x3 3x1 6X3 3Xn, nex1 6xn, nyx1 1x6  1xn, nyx6

[B] = [R][N] — strain-displacement matrix

6Xn, 6X3 3Xn,




Stress components

normal stresses: _ . 0z
Oy ; Oy ; Oy
positive value - tension, negative value - compression T% Tzy
Z Tyz
Txz
shear stress components: 'Gy
: : : _ T T
Txy ’ Tyz v Tzx 5 T Jj = Tji = 7
Ox

equivalent stresses:

Von Mises stress:

1 2 2
Opv= |5 ((ax — ay) + (ay — O'Z) + (0, — ax)z) + 3(Txy? + Tyz% + Tpx?)

Tresca stress: OINT = 01 — 03= 2T max

/ N
the first / the third

principal stress  principal stress

maximum shear stress

10




Stress tensor. Vector of stress components

stress tensor:

l Ox Txy sz‘ o 0 0|

o Tyx Oy Tyz 0 o, O
" lzx Tzy O 0 0 o 3
in (x, y, z) coordinate system in the principal coordinate system

vector of stress components:

((Ox

{o} = >

6x1 Txy

11




Constitutive matrix

linear isotropic material (Hooke's law):

[D] = ——

o (A+v)(1-2v)

S OO cT S

o} =|D]{e}

6x1 6X6 6X%X1

T

constitutive matrix:

v v
1—v

v 1—v

oo | ]I g

0
0
0

E — Young’s modulus,
v — Poisson’s ratio

05—v
0
0

o O O

0
05—v
0

o O O OO

0.5 — v

12




Example 2: uniaxial tensile test  0x NG,
F L—L i tr %
Ox=7"" ; &="7—; &=&=¢r d t (
0 0 I,’ ‘ T -
elastic strain Energy: U = %0,6 Ex Ag Lo l,l' L Lo
> 1 1]
{o}=1|D] {¢} * I %
6x1 6xXx6 6X%X1
(Ox 1-v v v 0 0 0 | (&
0 % 1—-v v 0 0 0 €T
JOL__ = v v 1-v 0 0 o |)erd
O ama-m o o 0o 05-v 0o 0o ||
k 0 J 0 0 0 0 05—v 0 kO J
0 0 0 0 0 0 05-vl"0
2nd equation: 0 £ (ver+ (1 —v)ep+ver) — {_e_T;:_vTa;

T A+ (1—2v)

1st equation:

_ E _ _ E _ 02 a2 | o e |
Oy —(1+v)(1_2v)((1 V)&t VET+ ng)_(l—v—ZvZ)((l V)Ey —VE, — VU 10x = Eey |




Example 3: pure shear

I ‘\71ny
Txy 7 Vxy
Tyy
{c}=[D] {e} «—
6 X1 6X6 6X1
(0 1 — v v v 0 0 o | (0"
0 v 1—-v v 0 0 0 0
J O B v v 1-v 0o o o [|JO1
Tey | @)@A=2v)[ g 0 0 05—v 0 0 Yxy
0 0 0 0 0 05—v 0 0
\ 0/ 0 0 0 0 0 05—vl\0/

4th equation:

E E E
Ty = Ay (1-2v) (0.5 = v)¥ay = 2(1+v)(0.5-v) (0.5 = v)Yxy = 20+ Yy 7

szx =G Vyy! G =3 (iv) — Kirchof’s modulus (shear modulus)
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Elastic strain energy. Potential energy of loading

boundary I, (u = u,) LINEAR ELASTIC BODY

surface load

lpJ = lpxr Py, sz

1x3

Z

s

Y ;

elastic strain energy:
boundaryl, - -

boundary I' == [lel{o} d2
i 2!2 1xX6 6x1

1
1
1
1
1
1
I .
; domain 2

1x3

' mass forces |X]|=|X,Y,Z]

r | e e e e e e e e e e e e e e e e e e - ———— -

displacement vector {u i _
: g W= 0 a0 + i)

_________________________________
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Minimum total potential energy principle

The total potential energy: V=U —W

The displacement field {u} that represents solution of the problem
fulfils displacement boundary conditions on I}, and minimizes the total
potential energy V.

surface loads

lpJ = lpx» Py, sz

1x3

boundary I,

! boundary I
mass forces |X]|=1X,Y,Z] domain 2

1x3

16




Elastic strain energy in a finite element. Local stiffness matrix

{q}. - local vector of nodal parameters

ne X1

elastic strain energy in a finite element:

Ue = %flgj{O'} dfl, = %lqje f[B]T[D][B] d. {q}e = %lqje[k]e{q}e

N, 1x6 6x1 1Xn, 2, ng X6 6X6 6 Xn, ngxX1 1Xn, ngXn, ngx1

:
/ (o} = [D] (¢} y

6x1 6X6 6X1 . .
local stif fness matrix:

T
ng:que[B]T {e}=[Bl{q}. FoTTTTTTTooTToomoommmoooey
1X6  1Xn, nyX6 6x1  6xn, nex1 [k]e=f[B]T[D][B]d.Qe i

Ne X N , Ng X6 6X6 6Xn,

17




Elastic strain energy in a finite element

local notation:

3

2

n —no. of nodes per FE
n, — no. of nodal parameters per node

no. of degrees of freedom in FE:
Ne =N - Ny

{q}. - local vector of nodal parameters

ne X1

1
Ue = P lqlelk]eiqle

1Xn, ngxXn, ngx1

T

local stiffness matrix

global notation:
I+n—1

j+n—2

i+ 2
i+ 1

NON - no. of nodes

n, — no. of nodal parameters per node

no. of degrees of freedom :
NDOF = NON - n,,

{q} - global vector of nodal parameters
NDOF x 1

1
Ue=§ gl - [klz - {q}
1 X NDOF NDOF X NDOF NDOF x 1

T

extended local stiffness matrix s




Extended local stiffness matrix of a finite element

1 2 j-1 j j+1 w  j#n,-1 jn, ..  NDOF
[ q1
q, tlolo o/lo0|o0 0|0 0
@=3 4 ¢ : oo 0/o0]o 0|0 0
NDOF x 1 ,]
- ~1l..l..l..lolo0o]|oO 0|0 0
X ) .
inpor kle=rilolololololo 0|0 0
Z i 10| 0| 0|0 |kiilk k 0 0
I Witn-1=4j+n,—1 : i e
x* y Bl 0| 0| 0| O |kg |k kon,| O 0
w; = qj+2 vi+n—1‘ O O
00|00 |knknz| [k O 0
o/lolo|o|lo|olo|O]|oO 0
0
o/lolo|o|o|o|lo|lo|oO]|O|O

(assumed ascending order of components)




Elastic strain energy in a FE model. Global stiffness matrix

=)

Il
g
IS
\)
____Q____
Il
g
=

¢

{q} - global vector of nodal parameters
NDOF x 1

NOE —no. of FEs
NDOF- no. of degrees of freedom

elastic strain energy in a finite element model:

NOE NOE NOE
U= U, Z gl - K - fg) =7 lal- Z [kl - (g} =
=1 — 1 X NDOF NDOF x NDOF NDOF x 1 1 X NDOF =1 NDOF x NDOF NDOF x 1

=— - lql - [K] - {q}

1 X NDOF NDOF x NDOF NDOF x1

—— e o e o = e = =y

: | NOE :
global stiffness matrix: 1 [K] = z [k]e i
: NDOF x NDOF e=1 :

20




Example 4: global stiffness matrix of a 2D model with two 3-node
triangles

ds

global notation:

NOE =2 (41 (U1
_ qz (%1
2/?];/ =4 qs3 U
B 44 Uy
n, = o (u,v) gi[%—{q5>—<u3>
Me =N Np=6 96 U3
NDOF = NON- 1= 8 a0, Uy
\qg/ \ V4

local notation:

de
44
& (U1
u
q, v, rglw rvzw
2 2
q u
{CI}1=<3>=<UZ> ;| U3
1 s 2 = 3 \
X U qa U3
a4 ds 3) g w,
\q ¢/ \V
. 1671 371 \qs) , \vyJ,
2 43

21




Example 4: global stiffness matrix of a 2D model with two 3-node
triangles

U1
T% (qry (%) v
qs v LUz |
L, = (g} ={ B} =72} (@)=,
X 12 6 A V2 ex1 | S|
X1 I |
T qs Us V3!
1 44 Uy
q1 kq611 \U3J1 v, )
. 4
2 43
1 2 3 4 5 6 7 8
12 3 4 5 6 1 ya;|b;|c;|d;|le; | f2 1010
1 a;|bgjcy|d;|e;|f; 2\b;|g;|hs|is |j1|k;] 0] 0
2 \by|gq|hs|is i1 ks slcy;|hy|l; I mylng;jo0;] 0] 0
[k] 3 \ci|hy|l; myin;jo; [k]* e d;|i; my|p;|r;|s;] 0|0
— . 1~ . _
6><61 4 \dqy|iz my|pg|ry|S: 8x8 s0le;|j;s|ng|rg|t;lu; ] OO0
sleg|ji|ng|rq |ty Uy 6 0 f; |k;lo;|S;|u;|lw;| 0] 0
6 |f1|ki|og|ss |us|w, rfolo|lo|lo|Oo|O|O]|O
s O] O|]O0O|]O0O|O|O0O|O0]|O
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Example 4: global stiffness matrix of a 2D model with two 3-node
triangles

(U1
1
% (d1 Uz iuiz_ i
L, ot I (@} =140y
x qs3 L= Us \ 8x1 | U3 i
q4 U3 \: 31,
2nd FE: qs u, | e ]
\qs) , \v,J, Vsl
1 2 3 4 5 6 7 8
1 2 3 4 5 6g i1 0OjO0O|O0O|O0O]O0O]O0O|0]|O0
1 0a,|b,|c,|d,|e,|fs 2 0| 0|0j0O|O0O|0]0]O
20by g2 |hy|iz|j2 |k2 301 0|0|a;|by|c,|dy|ez|f
[k] _ 34cy|hy|l; myin;|o; [k]*= 4100 |by|gy|hy|iz )2k,
6><62_ 4 dy i, may|py|rz|S; 8><82 50 0|0 |c,|hy|l, m;in;|o0;
slez|jz|na|ra |t |U; 61 0|0 |dy|iz ma|pa|rz|S:
6 | f2 |ko|o0z ]S, Uz |w; 7100 ey |ja|na|ry |ty |U;
8100 |f;|ky|oz(s; Uy W,

23




Example 4: global stiffness matrix of a 2D model with two 3-node
triangles

(U1
(%1
Us
[
W} =u,(
8x 1
_________ Vs
______ ) "
T~ Uy )
2 3 4 :_ 5 6 7 8
= : I
I b ; C; dl: e fi 1 0 0
l 9: | hy | v |_ja_ | ki _jLO_ | _0
I : I
I h1 |/1+02 m1+b2 n1+C2 01+d2|e2 fz
|
sl d; i; mi+b,\pitg,|rith, |so+iy [V k
Mt 021P1+g, | ri+hy 1 S341; 2 2
[K] = [K]; + [K]; = 1 - i
8% 8 8% 8 8x8 51 ey J1 In1+c2 rit+h, | ti+1, u1+m2. n, 0,
I : — i
s f: k4 !01+d2 ti+l, U +myWi+p,l) 1) S2
e e e | s s o lae e s | s e e s o e e s mm o=
7 0 0 1| e, J 2 n; r ts u,
| _ _
8 0 0 | f2 k2 0, S u, W




Potential energy of loading in a finite element

n lpJ = lpr Py, sz
o 0 —1

1X]=1%,Y,Z]

boundary I,

{q}. - local vector of nodal parameters

ne X1

potential energy of loading 0
in a finite element :
2
W, = [1X[{u} d2, + [Ipl{u}dl,. = [1X|[N]{q}. d2. + [Ip][N1{q}. dI;
!261><33>;1 e 1xX3 3x1 N, 1X3 3Xn, nex1 I[he 1X3 3Xmn, nex1
{u} = [N1{q}.
3x1 3Xn, ngx1
= (JIXIIN]1d2, + [Ipl[N]dLhe) {a}e = (IF*]e + |FPl){ade = |Flelade
N, 1 X3 3x%xn, e 1X3 3><n neX 1 1Xn, 1Xn, NneX 1 1Xn, ngxl1
equivalent load vector: i lFJe = lFXJe + leJe i

________________________

25




Equivalent load vector

lFJe — lFXJe + leJe

1X n, 1X n, 1Xn,

equivalent load vector due to mass forces:

______________________

AF¥L = JIXIIN fze:—

1X n, N, 1x3 3xXn,

N, 0 0O N, O O

=[|x,v,Z]|0 N, O O N, O..

a. 0 0 N 0O 0 N,

equivalent load vector due to surface load:

|FP], = [ [pl[N]dL,=
1 1Ixn, e 1X3 3Xmn, |

______________________

flpx:py'pzj 0 Nl 0 0 NZ
b 0 0 N, 0 0

coFf
o o

I=2 O OI

26




Potential energy of loading in a finite element

local notation:

3

2

n —no. of nodes per FE
n, — no. of nodal parameters per node

no. of degrees of freedom in FE :
Ne =N - Ny

{q}. - local vector of nodal parameters

ne X1

We = lqje{F}e

1Xn, nygx1

T

equivalent load vector

global notation:

I +n-—1
0 j+n—2

i+ 2 /
i+1

NON —no. of nodes
n, — no. of nodal parameters per ng

no. of degrees of freedom :
NDOF = NON - n,,

{q} - global vector of nodal parameters
NDOF x 1

We =lql - {Fe

1 xNDOF NDOF x1

T

extended equivalent load vector

27
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Extended equivalent load vector in a finite element

Fle=

NDOF x 1

equivalent load vector:  {F}, =<

extended equivalent load vector:

(0

0 j—1
Fie J
S Foo ? j+1

0 J+me

. 0 / NDOF

(assumed ascending order
of components)

28




Forces applied directly at nodes. Potential energy of nodal loads

nodal load vector:

( F* )
F7
F3
Fyr =4 ..
NDOF x 1 FK}DOF—Z
FIGDOF—l
\ Fypor
potential energy of nodal loads: 1+ W™ = |q]| - {F}"*

1xNDOF NDOF x1

29




Potential energy of loading in a FE model. Global load vector

potential energy of element loads:

) = z ..Qe — i Weé = VVe i
e=1 : e=1 :
NOE —no. of FEs bmmmmomm - I
{2 NDOF- no. of degrees of freedom } potential energy
of nodal loads

potential energy of loading in a finite element model: EW =We+wn,

_________________

NOE NOE NOE

W= Z W, + W" = ;qu FY + 1) - (FY" = gl (Zl{F}z + {(F})

1xNDOF NDOF x1 1XNDOF NDOF x1 1XNDOF NDOF x 1 NDOF x 1

=lql-{F}¥+{F}") -> W=l|q] - {F}

1 x NDOF NDOF x 1 NDOF x 1 1 X NDOF NDOF x 1

v .
global load vector ] global load vector: | {F} = {F}¢ + {F}"

of element loads NDOF x1 NDOFx1 NDOF x 1

nodal load vector




Total potential energy in a FE model. Set of linear equations

Total potential energy of the entire model:

1
V=U-W=="- |q| - [K] - {q} = lq] - tF}
1 X NDOF NDOF x NDOF NDOF x1 1XxNDOF NDOF x1
g} =72
NDOF x 1

NOE —no. of FEs
NDOF— no. of degrees of freedom

ov

V — min

aq]' o

_0 -

NDOF x NDOF NDOF x1 NDOF x1

K] - {q} = {(F}

set of linear algebraic equations

det ([K])= 0

NDOF x NDOF

31




Set of FE equations with boundary conditions

The displacement field {u} that represents solution of the problem fulfils
displacement boundary conditons on [;, and minimizes the total potential
energy V.

boundary I;, (u = u,) NOF - no. of known degrees of freedom on [},

N—number of unknown degrees of freedom:

N = NDOF-NOF

Z

Kl - [K] ; {q} - {q} ; {F} - {F}

| NDOF X NDOF N XN NDOF x 1 Nx1 NDOF x 1 N x1
A
NDOF - no. of degrees of freedom : K] - {CI} = {F} : det ( [K])#0
: NxN Nx1 Nx1 : N X N

linear set of algebraic equations with boundary conditions

32




Example 5. Boundary conditions for 2D

two 3-node triangles

problem. FE model with

Fg
U4 y F6 F7
— T_)f F5 _>
4
NDOF=8 F,
NOF=3 T
1=
Fy
K] - {q} = {F} I—> 12
8x8 8x1 8x1 2 3
1 2 3 4 5 6 7 8 = —— ===
— |
1 a; b, C; d; €; fi 0 0 I(TLLL:_OJJ (Flw
. . 1. =0
2 b, g h; I J1 kg 0 0 :__1_]1_:__1 Fz
3 C h; l;+a, mi+b,n+c,|0,+d,| e, f2 l__yz___ F3
. . . — |
4 d; I 1 mi+by|p;+g,|ri+hy|s;+i, J2 k ; |< 1)2 ___O_# _ < F4‘ >
5 e jl n1+C2 r1+h2 t1+l2 L71+m2 n, 0, u3 FS
6 i ki |ogtd,|tytl, utmywotp,| 1, 52 U3 F6
7 0 0 62 jz nz r2 t2 _2 u4 F7
8 0 0 k u W
f2 2 0, S u, W, L Uy J \FSJ
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Example 5. Boundary conditions for 2D problem. FE model with
two 3-node triangles

- 1q} = {F}

8x1 8x1

1 (U= (7
2 v =0 F,

3 U, F

; v, =0 F,

5 Us = Fs >
6 [ %! F6

7 Uy F

s N Vg ) \Fg)

34




Example 5. Boundary conditions for 2D problem. FE model with
two 3-node triangles

€,

f2 0, S2 u, W L1¥4J \F8J

linear set of algebraic equations with boundary conditions

35




Solution of a set of FE equations with boundary conditions

[K]-{q} = {F}

NxN Nx1 Nx1

— det ([K])#0

N XN

DOF solution: 19}

NDOF x 1

e} = [Bliq)e

6x1 6Xn, nex1

T

strain in a finite element

Element solution (ES):

Nodal solution (NS): i

- {q} = K] {F}

Nx1 N XN Nx1

; to}=[D]{e} =[D][B]liq}e

6x1 6x6 6x1 6X6 6Xn, nex1

T

stress in a finite element

_____________

(NS); — avaraged nodal solution at node (i)

(ES).; — element solution in element (e) and at node (i)

k — no. of elements adjacent to node (i)

36




Example 6. Reactions calculation for 2D problem. FE model with
two 3-node triangles

F, K| - = {F
e g, e Wowem
3 o= 4 known I:lD =F

a1-0+b1-0+C1-u2+d1-0+81-u3+f1-v3+0-u4+0-v4=F1

:D:FZ : -D=F4

2
1 2 3 1 5 6 7 8

1 a; b, C, d; e fi 0 0 (u'l = 0] (Flw
2 || b, g; h, i ji k 0 0 V1 = F,
3 o h, |l;+a,|m;+b,|n;+c,|0,+d,| e, f2 Us F3

4 d; i; Imi+b,lpi+g,|ri+h,|si+i, | j, k , VU, = 0 _ F4_

s | e, ji |ni+cy|ri+hy | ty+l, u;+m,| n, 0, < U3 = FS >
6 i k; |o;+d,|t;+], U;+mylwi+p,| r, S, VU3 F6
7 0 0 e, js n, r, t, u, u4 F7
8 0 0 f2 k, 0, S, u, w, \ 2 ) \FSJ
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Example 7. DOF solution u(x,y) for 2D problem. FE model with 4-
node quadrilateral elements

u,(x,y) — displacement in x direction

(41
q>
q3
qa
ds
de
q7

&C[8J e

nodal displacementin x direction

38




Example 8. Strain component &, (x,y) for 2D problem. FE model with
4-node quadrilateral elements

E
Vi 4

39




FE modelling — basic steps

Mathematical model

| Preprocessor
L geometry, element types, material properties, approximation, discretization

Solution
analysis type, boundary conditions, solver, content of a result file

e e — e — — — — — — — — — — — — — — — — — — —— — — — — — — — — — — — — — — — — — —

numerical calculations

NUMERICAL RESULT

Postprocessor
numbers, graphs, contour maps, animations




Accuracy of FEM calculations

a real phenomenon %

total error

modelling error =

! 1

discretization error =

I 1

numerical error =

v
| S— NUMERICAL RESULT 4

total error = modelling error + discretization error + numerical error

modelling error = discretization error ~ numerical error — min

continuous mathematical model —— EXACT SOLUTION OF A MATHEMATICAL MODEL

!

Discrete model — EXACT SOLUTION OF A DISCRETE MODEL

l
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